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1 Introduction 

A b-coloring of a graph G is a proper coloring such that every color class 
contains a vertex that has neighbors in all other classes [2]. Such a vertex 
will be called a h-vertex. The b-chromatic number of G is the largest integer 
k such that G admits a b-coloring with k colors. Let x(G) be the usual 
chromatic number of G, and let A(G) be the maximum degree in G. Let 
t{G) be the largest integer such that G has at least t vertices of degree at 
least t — 1. If a graph G has a b-coloring with k colors then G has at least 
k vertices of degree at least k — 1 (the b-vertices); hence the following chain 
of inequalities holds for every graph: 

xiG) < KG) < t{G) < A(G) + 1. 

The Cartesian product of two graphs Gi and G 2 , denoted by Gi\IiG 2 , is 
the graph with vertex-set V{Gi) x V{G 2 ) where two vertices (ui,tt 2 ) and 
{vi,V 2 ) are adjacent if and only if either ui = vi and U 2 V 2 G E{G 2 ) or 
U 2 = V 2 and uivi € E{Gi). Faik [1] and Javadi and Omoomi [3] studied 
b-colorings of the Cartesian product of two graphs for various types of factor 
graphs. Let and Cn respectively denote the complete graph, path 

and cycle on n vertices. In the case of the Cartesian product of two copies 
of Kn, it is easy to see that = n and = 2n — 1. Hence 

n < KEnE\Kn) < 2n — 1. Javadi and Omoomi [3] improved these bounds 
significantly as follows. 

• For all n > 5, we have > 2n — 3. 

• For all n > 2, we have < 2n — 2. 
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It follows that for all n > 5 we have h{Kn\^Kn) G {2n — 3,2n — 2 }. One 
would like to know which of these two values is the right one. Javadi and 
Omoomi [3] conjectured that b(KnOKn) = 2n — 3 for all n > 5. We give 
counterexamples to this conjecture: for n = 5, so blK^dK^) = 8 ; for n = 6 , 
so b(KQnKQ) = 10; and for n = 7, so blKyOKY) = 12. The counterexamples 
were found using a computer search. We explain below the ideas that helped 
speed up the search; unfortunately these ideas were not sufficient to solve 
any case with n > 8 , because the number of possibilities to examine is again 
too high. 

2 Results 

Let G = K^dK^. Let G have vertex-set {vij j i,j = 1,5} and edge-set 
{vijVi^k I i,J,k = 1,..., 5, J k}U {vijVhj I h,z,J = i}. For 

each i = 1,... ,5, the set {ujp,...,is called row i of G, and the set 
... ,V 5 ^i} is called column i of G. Assume that G admits a b-coloring 
/ with 8 colors. For each i = 1,..., 5, let (5i be the number of b-vertices in 
row i, and let /3^ be the number of b-vertices in column i. 

Lemma 1. For each i = 1,..., 5 we have f3i <2 and /?' < 2. 

The proof of this lemma is given in the Appendix below. 

For c = 1,..., 8 , pick one b-vertex be of color c, and let B = { 6 i,..., bs}- 
Let H be the graph with vertex-set {ri,..., rs, £ 1 ,..., £ 5 } such that {ri,..., 
rs} and {£ 1 ,... ,£ 5 } are stable sets and ri£j is an edge if and only if Vij G B. 
We call H the pattern graph of B. So iL is a bipartite graph with eight 
edges, and by Lemma 1 every vertex of H has degree at most 2. Therefore 
every component of iL is a path or an even cycle, and H is one of the twelve 
graphs displayed in the following table (where -|- denotes the disjoint union 
and 2X denotes X + X)\ 


Gg + 2Pi 

Gq + 2P2 

Ce + P 3 + Pi 

2C4 + 2Pi 

G4 + P^ + Pi 

G4 -l- P4 P2 

C4 + 2P3 

P9 + P1 

Ps + P2 

P7 + P3 

Pq + P4 

2P5 


Each graph H in the table corresponds, up to isomorphism, to the choice of 
one set of eight vertices of G. Hence the question is whether it is actually 
possible to extend this initial choice to the whole graph, by coloring the 
remaining 17 vertices, in such a way that we do obtain a b-coloring with 
eight colors. 

We ran a computer search to examine each case separately. It turns out 
that in eleven of these cases the computer went through the examination of 
the case without finding any b-coloring that extends the position of the eight 
b-vertices given by graph H. The remaining case is when the pattern graph 
is G 4 +P 4 +P 2 ', in that case the computer found twelve graphs. Some of these 
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Figure 1: b-colorings of K^'CiK^ with 8 colors. The b-vertices are circled. 
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Figure 2: A b-coloring of KqC\Kq with 10 colors 


twelve graphs are isomorphic (by permuting rows, columns or colors), and 
up to isomorphism there are only two graphs; these are shown in Figure 1. 
So these are the only two b-colorings of with 8 colors. 

Inspired by the preceding result we tried the same approach for n = 6, 
using the pattern graph 2(74 + P 2 + 2 ^ 1 , and we found by hand the graph 
shown on Figure 2. 

For n = 7 we started from the pattern graph 2 C 4 + P 4 + P 2 - This was 
a fruitful choice and the computer produced tens of thousands of solutions, 
namely b-colorings of with 12 colors (it was not possible to test 

isomorphism between them); we show a few of them of them in Figure 3. 
It might be that for n = 6 or 7 there are solutions with a different pattern 
graph. (Moreover, when n > 6, the pattern graph does not necessarily have 
maximum degree 2.) 

We notice that in all the solutions we found each color class has only one 
b-vertex. 

For n = 8 or 9 the number of cases to explore became too high, even 
when we started, for n = 9, from the pattern graph 3(74 + P 4 + P 2 which 
should be a good candidate. 
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Appendix: Proof of Lemma 1 


For c = 1 ,..., 8 let 5 c be the set of vertices of color c in /. For any set 
X C V(G), we write f(X) = {f(x) | x G X}. 

We will frequently use the following argument. Every vertex of G has 
degree 8. If x is a b-vertex, it has a neighbor of each of the seven colors 
different from f(x), and the remaining neighbor of x has one of these colors, 
so X has exactly one pair of neighbors of the same color (a repeat). So if any 
vertex has two repeats in its neighborhood it cannot be a b-vertex. 

Suppose that the lemma does not hold. So, up to symmetry, we have 
/ 3 i > 3 . So we may assume, up to symmetry, that ui,c is a b-vertex of color c 
for c = 1 , 2,3 and vij G Sj for j = 4 , 5 . It must be that colors 6,7 and 8 
appear in column c for each c = 1 , 2 , 3 , and consequently there is a unique 
integer tc from { 2 , 3 , 4 , 5 } such that the color of Vt^^c is not from {c, 6, 7 , 8}. 
Up to symmetry, this leads to the following three cases (See Figure 4 ). 



Case 1 : ti = t‘2 = t^. We may assume that ti = 5 and that U2,i,U3^3,U4^2 G 
Sq, i’2,2W3,i, W.s G Sj, and U2,3W3,2W4,i s Sg. See Figure 4 , left. Since 
U2,i has two repeats in its neighborhood (with colors 7 and 8), it is not a 
b-vertex. Likewise, Vij is not a b-vertex for each f = 2 , 3,4 and j = 1 , 2 , 3 . 
Apart from these nine vertices, only vertices ^5^4 and ^5^5 may have colors 
6 , 7 , 8 , so {bQ,bj,b 8 } C {u5^4,U5^5}, which is impossible. 

Case 2 : ti = t2 and ti ^ t^. We may assume that ti = t2 = 5 and = 2, 
and that U2,i,^3,3,-U4,2 G Se, ^2,2,^3,1 W4,3 G Sj, and ^3,2,^4,1,^5,3 G Sg. See 
Figure 4 , center. For i = 3,4 and j = 1 , 2 , 3 , vertex Vij has two repeats 
in its neighborhood, so it is not a b-vertex. Likewise ^2,3 is not a b-vertex. 
Therefore: 

h G {u2,i,U5,4,U5,5} and bj G {^2,2W 5 , 4 W 5 , 5 }- ( 1 ) 

The only neighbor of ui^4 that can have color 6 or 7 is ^5^4, and it cannot 
have both colors, so 64 / ui^4. By the same argument, 64 / ^5^5. So 64 is 
either in {u5q,U5,2} or in {u2,5W3,5,'^4,5}- 

Suppose that 64 = usq. Then /({usq,usq,us^s}) = { 2 , 3 , 5 }, and it fol¬ 
lows from ( 1 ) that 65 = U2,i and bj = V2,2- But then colors 1 , 2 , 3 , 4 , 5 should 
appear in {u2,3, ^2,4, ^2,5}, which is impossible. Hence 64 7^ usq, and similarly 
h ^ '^5,2- So 64 is in {^2,5, ^3,5, U4q}. Likewise 65 is in {u2,4, ^3,4, U4q}. 
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Suppose that 64 = ^2,5. Then ^2,4 € Sg, for otherwise 64 has no neighbor 
of color 8, and so 65 G {u3^4,U4^4}. Now U2,i is not a b-vertex, because it has 
two repeats (with colors 7 and 8), and similarly ^2,2 is not a b-vertex. So, 
by ( 1 ), we have G {u5^4,U5^5}. But then 65 has two repeats (with color 

8 and either 6 or 7 ), a contradiction. So 64 G {u3^5,U4^5}. Likewise, 65 G 
{u3^4,U4^4}. Hence colors 4 and 5 do not appear in {u2,4,U2,5}. Whichever 
way colors 4 and 5 appear in {^2,3, U5^2}, one of b^, 67 has no neighbor of 

some color j G { 4 , 5 }, so it is not a b-vertex. So, by ( 1 ) and up to symmetry, 
we may assume that be = U5^4. Hence ^5^5 has color 7 , for otherwise be has 
no neighbor of color 7 . Now we have /({u2,5, ^3,4, ^4,5}) = { 1 , 2 , 3 } (for 64 to 
be a b-vertex) and similarly /({u2,4,'U3^4, ^4^5}) = { 1 , 2 , 3 } (for 65); but this 
entails that ^2,4 and ^2,5 have the same color, a contradiction. 

Case 3: ti,t 2 and are pairwise different. We may assume that ti = 5 , 
t2 = 4 and = 3 , and that U2,i,^3,2,'^’4,3 G Se, ^^2,2,"^3,1,"^5,3 G Sj, and 
■^2,3) 1^4,1, ^^5,2 £ Sg. See Figure 4 , right. Vertices U2,i, ^2,2 and ^2,3 are not 
b-vertices because they have two repeats. Likewise, U5^i,U4^2 and ^3^3 are 
not b-vertices. Hence 64 is in column 5 and 65 is in column 4 . 

Suppose that 64 = ^2,5 and 65 = 'U2,4. Then /({u3^4, ^4^4, ^5^4}) = { 1 , 2 , 3 } 
/({^^3,5) ^^4,5) 1^5,5}) = { 1 ) 2 , 3 }. Rows 3 , 4,5 play symmetric roles, so we may 
assume that 67 = U3,i. So /({u3,3, ^5,1}) = { 4 , 5 } and /({u3,4, us^s}) = { 2 , 3 }. 
Then ^3^2 is not a b-vertex because it has two repeats (with colors 2 and 7 ), 
so be = U4_3. Similarly, bg = ^5^2- Now, whichever way colors 4 and 5 appear 
in {us^i, U4^2) ^^3,3}) one of be, 67, bg has no neighbor of some color j G { 4 , 5 }, 
a contradiction. 

Therefore we may assume, up to symmetry, that 64 = Then ^3^4 
has color 8, for otherwise 64 has no neighbor of color 8. Then t>3^i and ^3^2 
are not b-vertices because they have two repeats. If 65 = ^4^4, then by a 
similar argument ^4^5 has color 7 and U4^i,U4^3 are not b-vertices, and only 
colors 1,2,3 appear in {^2,4, ^2,5, ^3^3, U4^2) ^^5,4) ^^5,5}) so no vertex can play 
the role of 60, a contradiction. Hence 65 / ^4^4, and similarly 65 / ^4^5, 
so 65 = 'U4^2- We must have /({u2,5, ^4^4, ^5^4}) = {1,2,3} for 65 to be a b- 
vertex. The same argument for 64 implies that some vertex v G {u4_5,U5^5} 
satisfies f{v) G {1,2,3}, say (by symmetry of rows 4 and 5) v = 'U 4 ^ 5 . 
Then Sj = {^2,2, ^3,1,'^5,3}, so 67 = U5,3. We have /({u5,4, us^s}) = {1,2}, 
f{v3,3) = 5 and /(us^i) = 4. Now the symmetry of rows 4,5 is restored, so 
we also have be = ^4^3 and /({u4^4,'i;4^5}) = {1,2} and /(u4^2) = 4 :. In Sg 
every vertex has two repeats, so there is no b-vertex in Sg, a contradiction. 
This completes the proof of Lemma 1. □ 

The next lemma could also be used to help decrease the number of 
subcases to explore. 

Lemma 2. The sets Si,... ,Sg satisfy the following properties: 

• One of Si,..., Sg has size 4 , and the other seven sets have size 3 . 
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• If \Si\ = 3, then Si \ {6*} contains a vertex that has at least three 
neighbors in B\ ({6*} U N{hi)). 

Proof. For each i G {1,..., 8}, by Lemma 1 the row that contains bi contains 
at most one element of B \ {bi}, and the same holds for the column that 
contains bi. Hence at least five members of -B \ {bi} have a neighbor in 
Si \ {bi}. So if Si \ {bi} contains only one vertex Xi, then three of these five 
elements are either on the row of Xi or on the column of Xi, which violates 
Lemma 1. So |5j| > 3, and if ISjl =3 then the second item of the lemma 
must hold. Also we have 25 = \Si\ > 8 x 3 = 24, which implies the 
first item of the lemma. □ 
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